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ABSTRACT

E is a Banach lattice that is weakly sequentially complete and has a weak unit u.
TL f, = ¢ means that the infimum of |f, — ¢ | and u converges strongly to zero.
T is a positive contraction operator on E and A, =(1/n)(I+ T+ --- + T"7").
Without an additional assumption on E, the “truncated limit” TL A,f need not
exist for f in E. This limit exists for each f if E satisfies the following additional
assumption (C): For every f in E, and for every number « >0, there is a
number B = B(f,a)such thatif g isin E,,[|g|=1,0=f' = fand | f'||> « then
If +glzlgl+B.

We consider Banach lattices E that are weakly sequentially complete (Condi-
tion (B) below) and have a weak unit u (Condition (A)), i.e., an element u € E,
such that |f| A u =0 implies f = 0. If f, are positive, ¢ € E. is called the (weak)
truncated limit of f,, if for each positive integer k, f. A ku converges (weakly) to
¢ and ¢, 1 &. We then write ¢ = (W)TLf,. There is sequential compactness
for WTL, which can be used in ergodic theory instead of Banach limits and other
non-constructive arguments. Weak truncated limits were (implicitly) introduced
in [1] and applied to superadditive ergodic theory. They were studied in [3], in
the context of Banach lattices. A related notion was considered by Brooks and
Chacon [4]; see also Ghoussoub and Steele [11]. If E =L, then any norm
bounded positive sequence has a subsequence that decomposes into g, and h, in
L7 such that g, converges weakly, say to ¢, and the h,’s have disjoint supports.
Then the limit function ¢ has the desired properties of a weak truncated limit.
However, in Banach lattices that we consider this decomposition may fail; see [3]
for a discussion.
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In a recent paper [3] we applied truncated limits to the problem of existence of
positive elements invariant under positive operators. Here we study the limiting
behaviour of averages

A, =%(I+ T+ - +T"")

of a positive contraction T. If E is L, of a probability space then A.f, fE L,,
does not converge in L,, or, as shown by Chacon [6], almost everywhere.
However, Krengel [13] proved that A,f converges in probability; see also [2]. In
L,, f. converges in probability to ¢ if and only if TL f, = ¢ [2]. This raises the
natural question whether there are ergodic theorems for TL convergence in
Banach lattices. We show here by an example that the conditions (A) and (B) are
not sufficient. Additional assumptions are needed ensuring that if a positive
function increases so does its norm. One such assumption is (C.): [|[f + g > g|
whenever f, g € E, and f# 0. Under (C,) we prove that if 0= ¢ = T¢ then the
(strong) limit of (A.f) A ¢ exists. The main theorem asserting the existence of
the (strong) truncated limit of A.f, f EE,, is proved under the following
condition (C), a “uniform” version of (C,).

(C) For every fEE, and for every number a >0 there is a number
B=B(a)>0 such that if g€E,, ||gll=1, 0=f=f and |f'|>a then
If +gll=lgl+B.

It is an open problem whether (C,;) is sufficient for the existence of TL A.f.

The paper is self-contained except for some basic facts about Banach lattices,
for which we refer to [15] and for the classical mean ergodic theorem. In the first
section we give the needed elements of the theory of truncated limits. The
ergodic theorem is proved in the second section.

1. Properties of truncated limits

Let E be a Banach lattice. Our terminology will be that of the book
Lindenstrauss-Tzafriri [15], to which we will refer by [LT]. First we will make
only the following two assumptions (A) and (B):

(A) There is an element u in E. such that if f is in E, and if u A f =0, then
f=0. Such an element u is called a weak unit.

(B) Every norm-bounded increasing sequence in E has a strong limit.

Assumptions equivalent with (B) are: (B') E is weakly sequentially complete,
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and also: (B") E contains no isomorphic copy of ¢, ([LT], p. 34). (B) implies that
E is order-continuous. Therefore, the assumption (A) that there is a weak unit is
not a loss of generality if E is separable ([LT], p. 9).

Since the condition (B) implies order-continuity, one has

1.1. Every order interval [f,g]={h:t=h =g} is weakly compact ([LT], p.
28).

Norm convergence will be simply called convergence and denoted by —.
Weak convergence is —, and order convergence for monotone sequences is
denoted by 1 and | .

1.2. Let ¢ € E.. Then there is a linear bounded operator P = P,: E — E such
that Pf =1im f A (n¢) for each f € E. (limit in strong topology). Then P is a
band projection (on ¢), implying that | P|=1, P*= P and PE is a sub Banach
lattice of E. Q =1— P is another band projection.

1.3. A band projection P, on a weak unit u is the identity, i.e., if f € E., then
fanu—f

In other terms, a weak unit is necessarily a quasi-interior point ([17], p. 96) or a
topological unit.

1.4. There exists a strictly positive element U in E¥,i.e., a U such that f =0 if
U|f|=0 ([ILT], p. 25; if E is separable, this is very easy to prove).

1.5. If f, in E, is such that f, >0 and sup f. € E, then f, = 0.

Proor. If the conclusion fails, then passing to subsequences we can ssume
that |f.]|> ¢ >0 for all n and = Uf, < for a strictly positive U in E*. Let
8. = Vi-ufc, § = A7-1 8. Then g, | g implies that g, — g, hence Ug, | Ug. But
Ug =342, Ufy implies that Ug =0, hence g=0. This contradicts ||g|=
lim| g. | > e.

Definition of truncated limits

Let f,€E., ¢ EE,. Then TL f, = ¢ (the truncated limit of f, is ¢) means
that for a weak unit u, lim, (f. A ku) = ¢« exists for each k, and ¢, 1 ¢.

For f, in E, TLf, =TLf, —TLf., provided the truncated limits to the right
exist. This definition is independent of the choice of the weak unit u (cf. 1.3).

We define analogously the WTL’s (weak truncated limits), requiring only that
fa Akt > &y
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TL null sequences

A sequence (f.) is called TL null if TL|f,[=0. For this it suffices that
[f.] A u->0(cf. 1.5). If E is L' of a measure space, then, as shown in [2], TL null
sequences are exactly the sequences of functions that converge to zero in
measure on sets of finite measure.

Since the main theorem asserts TL convergence, it is of interest to observe
that also in more general Banach lattices TL convergence implies convergence in
measure on sets of finite measure. This follows from the following lemma,
together with Theorem 1.b.14 [LT], which reduces the discussion to the L' case.

1.6. LEmMa. Letf, €E, $ €E. Then TLf,=¢ ifandonlyif g. =f. —d is
TL-null.

ProoF. We at first suppose that f, E E*, ¢ € E*. Assume that g, is TL-null.
[fonku—¢ nkul=lfi—d|nku>0.

Hence f, A ku = ¢ = ¢ A ku 1 ¢. Thus TL f, = ¢. Conversely, if g, is not TL
null, then there is a v € E* such that limsup,|||g.|A v|{|=a >0. Find ko
sufficiently large such that |v — (v A kou)|| < a/2. Then v = kou + v’ with [|v'|| <
@ /2. Hence |g.| A v =|g. | A kou + v’ implies

limsup|/g. A kou||Z a/2  foreach k = k,.

We will show that this is a contradiction if TL f, = ¢. In fact, choose k = k, such
that ||¢ — ¢ || < /8 and | — ¢ A ku ||< a/8. Then

lfo—d|aku=|fin2ku—¢ nkul+|d—d rku|
implies that

limsup|f, — & |n ku| <l bue = b n k| +]6 = ¢ n ku| <3E<E.

Thus TL|f, — ¢ | = 0. Now consider f, and ¢ in E without assuming positivity.
By definition, TLf, = ¢ if TLf.=¢ " and TLf, = ¢, and the converse is also
true. Therefore it suffices to show that f, — ¢ is TL-null if and only if both
fa—¢" and f,— ¢ are TL-null. This follows from

[famd Ivifam¢TI=lh —dl=lfi-o" |+ fi - |.

1.7.LemmA. Iff, 20, WTLf, = . Let P = P, be the band projection on ¢ and
let Q=Q, =1-P (cf. 1.2). Then WTL (Pf,)= ¢ and Qf, is TL-null.
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Proor. Let f, n(ku)=>¢i, ¢ 1 ¢. Since P¢. = ¢u, we also have that
P(f. A ku)-> ¢x. Hence the intermediate sequence (Pf.)A ku also converges
weakly to ¢, and therefore (Qf.) A ku—0.

The most useful result of this section is the sequential compactness for WTL.
It suffices to state it for positive sequences.

1.8. ProposiTION.  If f, =20 and sup|f.||= M <, then there is a subsequence
(f.) such that WTLf, = ¢ exists. If f. is not a TL-null sequence, then this
subsequence can be chosen so that ¢ # 0.

ProoF. Apply 1.1 to intervals [0, ku] for k =1,2,.... The sequence f.
obtained by diagonal procedure will be such that f, A ku = ¢ for each k, and
& = i Since [ S |=M, ¢ =lim T ¢ EE.

Now if ||f. A u[40, then passing to a subsequence we can ssume that
If. A ul|>a >0 for all n. Then no subsequence f,, A u can converge weakly to
zero, because by 1.5 it would converge strongly to zero.

1.9. ProposiTiON. Let f,,8. € E., WTILf, = ¢, WTL g, = v.
(@) If WTL(f. + &) = ¢ exists then § = ¢ + 7.
(b) If T:E— E is a positive linear operator and Tf, = g, then T = v.

Proor. (a) Since for each k one has
(fo + ) A ku = (fu A ku)+(ga A ku),
the inequality ¥ = ¢ + y is clear. In the opposite direction use the inequality
(fo + ) A 2ku = (fo A ku)+ (g A ku).

Let f, A ku=> ¢x, g A ku=> v and (f. + g.) A ku = . Then the last inequality
implies that ¥« = ¢« + ye. On letting k >, we have y = ¢ + 7.
(b) Let ¢« and . be as before. Given k and € >0, find m so large that

| Tku — (Tku) A (mu)[| < e
Then
T, = T[weaklim (f, A ku))
= weak lim T(f, A ku)
= weaklim Tf, A Tku

implies that
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T = weaklim Tf, A mu +r
= Ym t1,
with ||r || < €. Since € is arbitrary, it follows that Te = . O

Finally we need a simple result involving strong limits of truncated sequences.
If ¢ € E. then we write

TL¢f,| =

to mean that lim, f, A k¢ = A, exists for each k and that A, 1 A € E.. Let Py be
the band projection on ¢.

1.10. Lemma. TL4f, = A if and only if TL P,f.=A.

Proor. First observe that if lim, g, = g in E. then lim, (g. A v)=g A v for
any v € E, (continuity of lattice operations in strong topology). To prove the
“only if”” part, assume that f, A k¢ — A and A, 1 A. Then (Pyf.) A v converges
strongly to A A v for any v € E... In fact, given € >0 we can find k, such that
[A — Aw|l< € and such that ||v A (kep) — P,v| < €. Then

Pyfurn v =f. A Pyo=f, A (0 A ko) + v, where 0= v, = Pyv—v A koo

and hence ||v. | < e But f, A (v A ko) = (f. A ko) A v — Ay, A . Therefore

limsup | Pofar v~ A A v | =limsup[||fu A (0 A ko) — A A 0|+ |wn]]

Slhrv—Arv]+e=2e

The proof of the “if”” part is similar. |

2. The ergodic theorem for TL convergence

As in Section 1, we assume that E is a Banach lattice satisfying (A) and (B).
Let T:E — E be a linear positive operator and let

AdT)= A, =2 (14 T+ T™)

be the Cesaro averages of the iterates of T. We investigate the existence of
TL (A.f) for f € E. We assume that T is a contraction, i.e., | T||=1.

If E is L, of a probability space, f € E., then A,f need not converge almost
everywhere or in norm, but A,f converges in probability (Krengel [13]). In L' the
convergence in probability i1s exactly the strong TL convergence, but the
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following simple example shows that the strong truncated limit of A,f need not
exist without an additional assumption on the lattice E.

ExaMPLE. E is the space [, of absolutely summable sequences with the
following different norm: f =(fo;f,f.,...)EE, then

1= max(fo, 3 1£1).

If (a;, a»,...)is any sequence of real numbers with 0 = ¢; = 1, then T defined as

Toifoofer )= 3 ahis0.finfer. )

i=1
is a positive linear contraction on E. Let f=(0;1,0,0,...), then

T'f = (a,0,0,...,0,1,0,0...),

n times

1" 1 1
Af = (;Z a,»,;,...,;,0,0,...),

and if the Cesaro averages of the «;’s diverge, then the truncated limit of A.f
clearly does not exist. The lattice E satisfies (A) and (B), but what is wrong with
E is that if, e.g., f =(1;0,0,0,...) and g =(0;1,0,0,...), then |f+ gl =|f]=
lig 11> 0.

The following lemma guarantees the existence of subinvariant functions for T.
For a more general version of this lemma see Lemma 2.2 in [3].

21.LemMa. Letf € E. . If for a sequence (n;), WTL A,.f = ¢ then T = . If
A.f is not a TL-null sequence then there is a sequence (n;) such that WTL A,.f =
$#0.

PrOOF. Since | A.f — TA.f||—0 as i —> =, we see that WTL TA,, f = ¢. Then
Proposition 1.9 shows that T¢ = ¢. If A.f is not TL-null then, by Proposition
1.8, there is a subsequence (n;) such that WTL A, f = ¢ #0.

22. LeMmA. Let |T|=1. If ¢ €EE., Té=¢, fEE,, f=¢ then A,f
converges strongly.

ProOF. This easily follows from the Kakutani-Yosida mean ergodic theorem
(cf. 8], VIII 5.1 or [16}], p. 442) since A.f = ¢ implies that (A.f) is weakly
compact by (1.1). il

To proceed we need assumptions guaranteeing that if f,g are non-zero



Vol. 51, 1985 ERGODIC THEOREM 215

positive elements then [f + g |>[lg|. This will eliminate examples of the type
discussed above. The following assumption (C,) allows one to prove strong
convergence of A.f A ¢, if T¢ = ¢ (Theorem 2.4). The main result, the existence
of a strong truncated limit of A.f (Theorem 2.8), is proved under the stronger
assumption (C).

(C\) For every f,g € E. if [|[f|#0 then [f+g[>[g]|

2.3. LEMMA.  Assume (C)). Given ¢ € E. with T¢ = ¢ and a number o > 0,
there is a number o = o(¢p,a)>0 such that if 0=f=<¢ and ||f|=a then
lim||A.fl|Z 0.

Proor. Iffora g€ E,,lim A,¢ exists, denote this limit by g. If the lemma is
not true, then there is an invariant ¢ € E, an « >0, and elements f, in E. with
=6 14> 1710 _

Passing to a subsequence, we may assume that |f.[|= €., Ze€, <x. Let
8 =Vicafe, g =lim | g.. Then | g.[[= a, hence ||g| = a, but |g.[|=Z;e -0,
hence |g]=0. Now ¢ = A.p = A.g+ Au(d ~g)— (¢ —g). It follows that
lél=1(¢—g)l=l¢ —g|. Since 0=g = ¢, (C,) implies that g =0, which is a
contradiction. g

2.4. THEOREM. Let E satisfy (A), (B) and (C)), |TI|=1, ¢ €E., Tp = ¢,
fEE.. Then (A.f) A ¢ converges strongly.

PrOOF. Let g = ¢ A A.f. Then for a fixed k, A.g: is eventually dominated
by g. in the sense that

2.4.1) lim [ Ange = (Ange) n g [l =0.
In fact, g = A and g =¢ implies that A,g. =A.d=¢ and A.g
=(AAf)ré. But [|AAS - Afl—0 for a fixed k, and consequently,
this gives (2.4.1). Since by Lemma 2.2 g, =lim A,.g. exists, we also have
(2.4.2) 8= 8 A gall=0  (n—w).
Now define for each k
o = lim sup | g» — (8» A &)l

Then we have o, — 0 as k — . Indeed, supposing that lim sup a, >« >0 we
will obtain a contradiction.
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We first show that given any k and n, and € >0 we can find n > n, and two
functions p,q EE., p = ¢, q = ¢ such that |p[|>a, ||q[<e, and

(2.4.3) 8. =8 *+p—q
In fact we only have to take
P =8~ (8 A &),
q = 8~ (8 A &)
for a sufficiently large integer n. Since 0=p = ¢ and 0= q = ¢, we also have
that p = stronglim,_.. A,p, § = stronglim,_.. A,q exist and of course ||§||<e.

By Lemma 2.3 we have ||p | > o, where o >0 is a constant that depends only
on ¢ and a. Hence from (2.4.3) we have

& =8&tp—q
for some n > n,, |pl|> o, |G ]| <e This gives a contradiction as follows: let

€ >0, 27 & = € <. Assuming ny, 1y, ..., n;_, already chosen, choose n; > n,
such that

& =8, TP — G
where ||p.]|> o, ||g: | < &. Hence
18 = 8. =P =G> ~eA0.
This is the desired contradiction as we will now show that g, must converge
strongly. In fact, since
EnZ=8nt 028ttt qi=

we see, by induction, that g, + Z;_, g; is an increasing sequence. But g, = ¢ and
1Zi-2q; | = 271 § <, which means that this sequence is also norm bounded.
Hence it converges strongly. Since I;_, §; is also strongly convergent, this shows
that g. is strongly convergent.

Consequently we now know that

limsup || g. —(g. A &)||= ax =0 as k — oo,

To continue the proof, let € > 0 be given. Find k, such that a,, < €. Now find n,
such that n = n, implies that

g — (8. A G)I<e
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and

18— (8 A G <e
Hence if n = n, then g, = &, +r. — s, with ||r.[[<e, |s. ]| < e, where
I = 8n — (8 A Gx,),
$n = 8y~ (8 A 8i)-
Therefore, if n, m > n,, then
18n = & | = ll7 = tm = 50 + 50 [ <de.
Hence g, converges strongly. O

25. Lemma. If f. €E., sup, |full=M <o, WTLf, =0, f.rnkd > A,
/\k T A, then A :¢

Proor. Since u is a unit, A =¢. In the opposite direction, let
fo nku=> ¢ 1 ¢ Given € >0, choose k such that |[¢ — .| <e, and then
choose m such that

[P(ku)—ku nmo|<e,
where P is the band projection on ¢. Hence for all integers n,
IP(. n k)= (fu n ki) mp | < €

and the expression inside | | is positive. Therefore replacing in it (f, A ku) A me¢
by the bigger element f, A m¢, we obtain that for all n

(P (fu A ku)—fu A me) | <e.

Now let n — w; it follows that |[(¢. — A.) || <€ and |[(¢ — An)"| < 2€. Therefore
(6 —A)<2e = O

From Lemma 2.1 we know that for a sequence (n;), WTL (A,.f) = ¢ exists and
To = ¢. We need, however, T¢p = ¢. This will be implied by the following
assumption (C) on the Banach lattice E.

(C) For every F in E, and for every number a >0 there is a number
B =B(f,a)>0 such that if g€E,, [g]|=1, 0=f'=f and ||f|Za then
lg+flzlgl+s.

2.6. LemMa. Assume (A), (B) and (C). If  =WTL A, f, fEE., then
To = ¢.
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PROOF. Suppose, without loss of generality, ||f||=1. Let ¢'= ¢ — T¢ and
assume that ¢' # 0. Replacing (n;) by a further subsequence we may assume that
weak lim;.. A, f A m¢ = .. exists for each m=1,2,.... By Lemma 2.5,
Ym 1 @. Fix m so that | ¢ — . ||<i]@']. Let

n=Afame,  s=Af-r,
ri=(TA.f)r mo, si=TA.f~ri.
Since || A, f— TA.f|—0, we have both
(2.6.1) |ri=ri|—~0 and |s —si|—0.

Now TA,f=Tr+ Ts;=ri+s}. Since T = ¢, we have that Tr. = m¢. This
means that 0= Tr. = r; and Ts; = s;+ (ri— Tr;) with both summands positive.
We have, by (2.6.1), that r;=> ¢,.. Since r. = i, and hence Tr, > Ti.., we have
that r;— Tr, = ¢, — Tif,,. But

U = T = & =T + (Y — &)~ T(Y — )
=¢'+(Un — &)~ T(¢n — &),
which implies that
N = T | 2 16"l - 2019 — 1 =311

Therefore liminf...]|ri— Tr | >3] ¢'[. Let B = B(me,i|¢']), as given in (C).
Then we see that | Ts; || = ||si+ (ri— Tr)||= ||si| + B for all sufficiently large i.
This is a contradiction, since | T|| = 1 and since ||s; — si| > 0. Hence ¢’ =0. [

2.7. LEMMA. Assume (A), (B) and (C). If (n) and (m;) are two sequences
such that WTL A,.f = ¢ and WTL A,,f = ¢ then ¢ = ¢.

ProoOF. We know that A,f A k¢ converges strongly, say, to ¢«. Then, by
Lemma 2.5, applied to the sequence (n:), we see that ¢ T ¢.

It is again convenient to use the notation TL,, defined before Lemma 1.10.
We have TL, A.f = ¢. Hence, by Lemma 1.10, this implies TL P,A.f=¢. Then
WTL P;A.f=¢ and hence WTL P,A,.f=¢. But also WTL A..f = ¢. Since
P,A.f< A, f we see that ¢ = . By symmetry, i = ¢. a

We now state the main theorem of the paper.

2.8. THEOREM. Assume that E satisfies (A), (B) and (C). Let f € E... Then the
strong truncated limit TL A,.f = ¢ exists and T = ¢.

ProoF. Let ¢ =WTLA,f for a subsequence (n;). We know that
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TL P,A.f=¢ exists. By compactness of A,f for WTL and Lemma 2.7 we know
that every subsequence A.f has a further subsequence with weak truncated limit
equal to ¢. Let Q =1— P,. Then every subsequence of QA.f contains a further
subsequence with strong truncated limit equal to zero (Lemma 1.7). We show
that this implies TL QA,f = 0. Otherwise there is a subsequence (m;) such that
[(QA.f) A ul|>e>0. Then no further subsequence of QA,,f can have strong
truncated limit zero. Since A.f= P,A.f+QA.f and TLP,A.f=¢ and
TL QA.f =0, we see easily that TL A,f = ¢. d

2.9. ExaMmpLE. In the case of an Orlicz space Ly = Lu (X, %, 1), where w isa
finite non-atomic measure, the condition (C) is equivalent to the condition A,.
Although this is rather straightforward to see, we give a complete proof, using
the notation and some of the basic results in the book Convex Functions and
Orlicz Spaces (Groningen, 1961) by Krasnosel’skii and Rutickii. Let M(u) =
Jop(t)dt, uz0, where p(t) is defined for ¢ =0, right continuous and non-
decreasing, such that p(0)=0, p(¢)>0if t > 0 and p(t)— » as t - . Note that

Mu+ov)zM@u)+ M) forallu,v=0.

The set Ly consists of all functions f: X — R such that

jM(%}f[)<oo for some number s > 0.

|

= sup X2()
K(r) s“u;'M(u)<00 for some r > 0.

This becomes a Banach space with the norm

Ifl=int{s1s >0, [ m(1i71)

A formulation of the A, condition is that

A

Of course this is the case if and only if K(r)< for all r>0. Note that
sup.-o0 K{(r) need not be finite. If M satisfies A, then

M@Au)=A*"M(u)  wheneverO0<r=u and 1=A.

Hence, in this case, [ M(A |f]) < for some A >0 if and only if f M(A |f|) <o
for all A > 0. If A, is satisfied then it is easy to see that { M(A |f|) is a continuous
function of A. Hence, in particular,

JM(II_}W”):l forall f € Lu.
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We now note the following uniform continuity properties of this function.

2.10. LeMMA. If A, is satisfied then for each € >0 there is a 5 > 0 such that if
fz0 with [M(f)<1 then [M((1+8)f)=1+e

Proor. First choose r > 0 such that M(2r)u(X) <3e. Then choose 8,0 < 6 <
1 such that (1+6)” <1+je. Henceif A ={x|f(x)=r}, B={x|f(x)<r}and
1=A=1+4 then

[man=] mon+[ mon=r%e [ M+ menux

=(1+8)"+3=1+e

2.11. LemMA. If A, is satisfied then for each X = 1 there is an € > 0 such that if
fz0 with [M(Af)=1 then [M(f)=e.

ProoF. Choose r >0 such that M(Ar)u(X)=3;. Then, defining A and B as
in the previous proof, we have

1 éf M(Af)=f M(Af)+f M(Mf)= A"")f M(f)+%
A B A
which shows that
€ =315 = [ M(f).

2.12. LeMMA. If M satisfies A\, then Ly satisfies (C) in the following uniform
form: For each >0 there is a B>0 such that |f+g|=|g|+ B whenever
f,8 € Ly with |[f]>a, | g = 1. If M does not satisfy /. then Ly does not satisfy

©).

PROOF. Assume that A, is satisfied. Let a >0 be given. We assume, without
loss of generality, that « =1. Let f,g €Ly, [If]>a, {[g]/=1. First assume
llgll=1. Hence ‘

JM(%f)zl, J’M(g)=1.
Find € > 0 from Lemma 2.11, corresponding to A = 1/a. Then [ M(f) = € and

jM(f+g)sz(f)+fM(g)zl+e.

Then Lemma 2.10 shows that there is a 8,>0, depending only on € >0
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(consequently depending only on a), such that

fM(jig-)>1.

1+

Hence |[f+g{=1+B,. Note that 0< 8, = a = 1. Let B =3aB,. We claim that
If+gll=l|lgl+ B whenever f,g EL, [f|>a |gl=1. In fact, if |g]|<a/2
then

If+glzazlgl+5=]gl+p.
If e/2=5s=|g|=1, then

1,.1

shows that |[f+ g||=s+s8:=|g|+ B

Now assume that A, is not satisfied. Then we will show that there are two
functions f,g € Ly such that ||f||=]|lg|=|f + g|| =1, which clearly violates (C).
In fact, first find a sequence u, >0 such that

> wp(Us) - _
M(u,)z1 and M(u,,)_n foralln =1,2,....

Then choose another sequence a, >0 such that Z;_, a, =3, i na, = .

Assuming p(X)=1, let A,, B. be a family of pairwise disjoint sets such that

U

M(An)=#(Bn)=M(u")-

Finally let
f= 2 UnXans 8 =2 UnXs,
Then it is clear that f M(f)=[M(g)=3and [M(f+g)= M)+ M(g)=1.
Since
M@+ e)u.)=M(u,)+ eup(u.)=(1+en)M(u,)  foreache >0,

we also see that [M((1+¢€)f)=JM((1+e€)g)=> whenever €>0. Hence
Ifl=lgl=If+gll=1.

2.13. REMARK. If u(X) = o (but still non-atomic) then Ly, satisfies (C) if and
only if M satisfies A; in a stronger form: K = sup,., K(r) < «. We omit the easy
proof. We also note that in Orlicz spaces (C) is satisfied if and only if (C) is
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satisfied in a uniform form: For each a > 0 there is a 8 > 0 such that ||f||= «,
lgll=1, f,g =0 implies ||f+ g||=| gl + B This is not the case in a general
Banach lattice, as the following example shows. Let L consist of functions
£:1,)—R with

n

=3[ 1reorad]

It is easy to see that (C) is satisfied but not uniformly.
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